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Abstract. The operator norms of tensor matricae between $p_{p}$-spaces
were studied in $\mathrm{G}$ . Bemett [1]. We shaU consider thaee norms between
$\Psi_{p}(X)- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{a}\mathrm{e}$ (X- $\mathrm{u}\mathrm{m}1/_{p}- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}\mathrm{s}$ ) for $\mathrm{a}$ Banach space $X$ . The main
$\mathrm{t}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ (Theorem 1) is stated as foUows. Let $A$ and $B$ be $m\mathrm{x}n$ and
$r\mathrm{x}s$ matricae raepectively, $\mathrm{m}\mathrm{d}A\otimes B$ their tensor product. Let $X$ be
an arbitrary Banach space. Then $||A\otimes B||_{p,qj}x\leq||A||_{p,qj}x||B||_{p,qj}x$ for
any $1\leq p\leq q\leq\infty,$ where $||A||_{p,qX}=||A$ : $p_{p}*(X)arrow\ell_{q}^{m}(X)||\wedge$ . The
equality holds true $\mathrm{i}\mathrm{f}X$ is a Hilbert space (Theorem 2). As applications,
ffom the classical Clarkson inequality we shaU derive the generah.zed
Clarkson inequality ([2]; cf. [11, 4, 6]) and the type $p$ inequality with
type constant 1 for $L_{p}$ (cf. [5]).
G. Bennett $A\otimes B$ .
Banach
1. $m\mathrm{x}n$ $A=(a_{1j}.),$ $r\mathrm{x}s$ $B$
$A\otimes B=(\begin{array}{lll}a_{11}B .\cdot . a_{1n}B\vdots \vdots a_{m1}B \cdots a_{mn}B\end{array})$ ($mr\mathrm{x}ns$ $\mathrm{I}\mathrm{J}$ )







$\mathrm{A}$ ( $\mathrm{G}.$ Bennett [1]). (i) $1\leq p,$ $q\leq\infty$
$||A\otimes B||_{p,q}\geq||A||_{p,q}||B||_{p,q}$ (1)
(ii) l\leq p\leq q\leq \otimes [
$||A\otimes B||_{p,q}\leq||A||_{p,q}||B||_{p,q}$ (2)
$||A\otimes B||_{p,q}=||A||_{p,q}||B||_{p,q}$ . (3)
Banach $X$ A . (2) $p>q$
. (cf. [1], Proposition 10.3) ,
$p\leq q$ , Banach $X$ :
1. $1\leq p\leq q\leq\infty$ . Banach X.
$||A\otimes B||_{p,q;X}\leq||A||_{p,q;X}||B||_{p,q;X}$ $(2_{X})$
$(2_{X})$ . , -Wx Ba-
nach . $X$
.
1. $1\leq p\leq r\leq q\leq\infty$ , Banach $X$
$||A||_{p,q;L_{r}(X)}=||A||_{p,q;X}$
$||A||_{p,q;L_{r}}=||A||_{p,q}$
2. (i) $1\leq p\leq r\leq q\leq\infty$ . $X=L_{r}$
$||A\otimes B||_{p,q;X}=||A||_{p,q;X}||B||_{p,q;X}$
[ $X$ finitely representable $(\mathrm{f}.\mathrm{r}.)$ in $L_{r}$ $\mathrm{A}\mathrm{a}$ .
(ii) $1\leq p\leq q\leq\infty$ . $X$ Hilbert
$||A\otimes B||_{p,q;X}=||A||_{p,q;X}||B||_{p,q;X}$
, (i) (3) 1 . , Hilbert $\mathrm{f}.\mathrm{r}$ . in
$L_{r}$ ( ) (ii) (i) . ,
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$X$ $\mathrm{f}\ovalbox{\tt\small REJECT}$ in $\mathrm{Y}$ , $X$ $M$
$\epsilon>0$ , $T\ovalbox{\tt\small REJECT} Marrow \mathrm{Y}$
$(1-\epsilon)||x||\leq||Tx||\leq(1+\epsilon)||x||$ $(\forall x\in M)$
.
2(ii) .
3. $X$ Hilbert , $X$
$\mathrm{Y}$ $\pm 1$ $A,$ $B$
$||A\otimes B||_{2,2;\mathrm{Y}}=||A||_{2,2;\mathrm{Y}}||B||_{2,2;\mathrm{Y}}$
.
. (i) $A,$ $B$ Littlewood .
(ii) $X$
$||A\otimes B||_{2,2;X}=||A||_{2,2_{j}X}||B||_{2,2_{j}X}$
, $X$ Hilbert ( 4 ).
.4. $1\leq p,$ $q\leq\infty$ . $\ell_{1}$ $\mathrm{f}.\mathrm{r}$ . in $X$ ( $X=L_{1},$ $L_{\infty}$)
, $\pm 1$ $A,$ $B$
$||A\otimes B||_{p,q;X}=||A||_{p,q\cdot X}|||B||_{p,q;X}$
, 1 Littlewood , Rademacher , $L_{p}$
$\Re$ Clarkson , type .
$A_{n}$ Littlewood ([10]):
$A_{1}=(\begin{array}{l}111-1\end{array})$ , $A_{n+1}=(\begin{array}{ll}A_{n} A_{n}A_{n} -A_{n}\end{array})$ $(n=1,2\ldots)$ .
$A_{n+1}=A_{1}\otimes A_{n}$ , 1 ,




1(Generalized Clarkson’s inequality) ([2, 4, 6, 7, 8, 9]).
$1\leq p\leq 2,1/p+1/p’=1$ . $A_{n}=(\epsilon_{ij})$ Littlewood
, .
(i) $n\in \mathrm{N}$ , $f_{2},$ $\ldots,$ $f_{2^{n}}\in L_{p}$
$\{\sum_{i=1}^{2^{n}}||\sum_{j=1}^{2^{n}}\epsilon_{ij}f_{j}||_{p}^{p’}\}^{1/p’}\leq 2^{n/p’}\{\sum_{j=1}^{2^{n}}||f_{j}||_{p}^{p}\}^{1/p}$ . (5)





if $p\leq r\leq\infty,$ $1\leq s\leq p’$ ,
if $1\leq r\leq p,$ $1\leq s\leq r’$ ,
if $s’\leq r\leq\infty,$ $p’\leq s\leq\infty$ .
, (5), (6) $L_{p}$-norm $L_{p’}$-norm .
Clarkson :
(i) $1<p\leq 2$ . $\forall f,$ $g\in L_{p}$
$(||f+g||_{p}^{p’}+||f-g||_{p}^{p’})^{1/p’}\leq 2^{1/p’}(||f||_{p}^{p}+||g||_{p}^{p})^{1/p}$ (7)
(ii) $2\leq q<\infty$ . $\forall f,$ $g\in L_{q}$
$(||f+g||_{q}^{q}+||f-g||_{q}^{q})^{1/q}\leq 2^{1/q}(||f||_{q}^{q’}+||g||_{q}^{q’})^{1/q’}$ (8)
Littlewood $A_{1}$ :
$||A_{1}||_{p,p’;L_{p}}=||A_{1}$ : $\ell_{p}^{2}(L_{p})arrow\ell_{p}^{2},(L_{p})||\leq 2^{1/p’}$ , (9. )
$||A_{1}||_{q’,q;L_{q}}=||A_{1}$ : $\ell_{q}^{2},(L_{q})arrow\ell_{q}^{2}(L_{q})||\leq 2^{1/q}$ . (10)
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(10) $q=p’$
$||A_{1}||_{pff;L_{d}}=||A_{1}$ : \ell p2(L )\rightarrow \ell \mbox{\boldmath $\nu$}2$(fL_{f})||\leq 2^{1/p’}$ $(10^{*})$
. (9) (10), (7) (8) Banach $X$
ﬄ .
$||_{-}A_{1}||_{pff;X}=||A_{1}$ : $\ell_{p}^{2}(X)arrow\ell_{t}^{2}(X)||\leq 2^{1/p’}$ , $(9_{X})$
$(||x+y||_{X}^{t}+||x-y|f|_{X}^{f})^{1/ff}$. $\leq 2^{1/t}(||x||_{X}^{p}+||y||_{X}^{p})^{1/p}$ . $(7_{X})$
, Clarkson (7), (8) $X=L_{p}$ $X=L\mu$
$(7_{X})$ . , ${}^{t}A_{1}=A_{1}$
$(9_{X})$ $X$ $X’$ .
$1/p+1/q=1$ Clarkson (7), (8) .
Clarkson \Re $1\leq p\leq 2$
.
, $1\leq p\leq 2$ , Clarkson
(5)
$||A_{n}||_{pff;L_{p}}=||A_{n}$ : $\ell_{p}^{2^{n}}(L_{p})arrow f\ell_{f}^{2^{n}}(L_{p})||\leq 2^{n/t}$
. (4)
$1|A_{n}|1_{\mathrm{P}\mathrm{P}^{\mathrm{t}}j}L_{\mathrm{p}}\leq(||A_{1}||_{pff;L_{p}})^{n}\leq(2^{1/\sqrt})^{n}=2^{n/t}$
Clarkson (5) Clarkson (7)
.
. (i) $\mathrm{C}\mathrm{l}\ovalbox{\tt\small REJECT} \mathrm{k}\mathrm{s}\mathrm{o}\mathrm{n}$ (7) oe $\mathrm{C}\mathrm{l}\ovalbox{\tt\small REJECT} \mathrm{k}\mathrm{s}\mathrm{o}\mathrm{n}$
(5) ($\mathrm{n}=1$ ). (5) (6) (cf.
$[2, 4])$ , Clarkson Clarkson .
(ii) $X=L_{p}$ ( ), $1\leq p,$ $r,$ $s\leq\infty$ ,
Littlewood $A_{m},$ $A_{n}$
$||A_{m}\otimes A_{n}||_{\mathrm{r},sX}=||A_{m}||_{t,s;X}||A_{n}||_{r,s;X}$
$f\dot{fi}$ . , $X$ ( 3
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$L_{p}$ tyPe Clarkson .
2(cf. [12]). $X$ Banach $1<p\leq 2$ .
$M$ $s(1\leq s<\infty)$
$\{\int_{0}^{1}||\sum_{j=1}^{n}rj(t)xj||^{s}dt\}^{1/s}\leq M\{\sum_{j=1}^{n}||xj||^{p}\}^{1/p}$ (11)
$\{x_{j}\}\subset X$ , $X$ type $p$
. $r_{j}(t)$ Rademacher , $rj(t)=\mathrm{s}\mathrm{g}\mathrm{n}(\sin 2^{j}\pi t)$
. Khinchine-Kahane [ , $s(1\leq s<\infty)$
( $M$ ). (11) $M$


















2([3, 4]). $1<p\leq 2$ . Banach $X$ ,
.
(i) $X$ type $p$ .
(ii) $M>0$
||R : $\ell_{p}^{n}(X)arrow\ell_{t}^{2^{n}}(X)||\leq M2^{n/p’}$ for $n=1,2,$ $\ldots$ . (12)
2. $1<p\leq 2$ . $L_{p}$ type $p$ , $T_{p(p’)}(L_{p})=1$ .
, 1 $R_{1}\otimes A_{n}$ submatrix , 1
|!? +1: $\ell_{p}^{n+1}(L_{p})arrow\ell_{p}^{2^{n+1}},(L_{p})||$
$\leq$ $||R_{1}\otimes A_{n}$ : $\ell_{p}^{2^{n}}(L_{p})arrow\ell_{p}^{2^{n+1}},(L_{p})||$
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$\leq||R_{1}$ : $\ell_{p}^{1}(L_{p})arrow f\ell_{f}^{2}(L_{p})||\cdot||A_{n}$ : $\ell_{p}^{2^{n}}(L_{p})arrow\ell_{t}^{2^{n}}(L_{p})||$
$\leq 2^{1/p’}(||A_{1}||_{pff;L_{\mathrm{p}}})^{n}$
$\leq 2^{1/p’}\cdot 2^{n/p’}=2^{(n+1)/t}$ .
$L_{p}$ $fL_{f}$ $L_{t}$ type $p$ $T_{p(ff)}(fL_{f})=1$
.
, type $p$ (type $p(p’)$ $=1$ ), Clarkson ,
Clarkson :
5([5, 4]). $1<p\leq 2,1/p+1/p’=1$ . Banach $X$
.
(i) $(p,p’)$-Claxkson (7) $X$ .
$||A_{1}||_{pff;X}=||A_{1}$ : $\ell_{p}^{2}(X)arrow f\ell_{f}^{2}(X)||\leq 2^{1/p’}$
$.(\mathrm{i}\mathrm{i})(p,p’;n)$-Clarkson $\text{ }$. (5) $X$ .
llAnllp, X $=||A_{n}$ : $\ell_{p}^{2^{n}}(X)arrow\ell_{t}^{2^{n}}(X)||\leq 2^{n/p’}$
(iii) Clarkson (6) $X$ .
$||A_{n}||_{r,s;X}=||A_{n}$ : $\ell_{r}^{2^{n}}(X)arrow\ell_{s}^{2^{n}}(X)||\leq 2^{nc(\mathrm{r},s,p)}$.
(iv) $X$ type $p$ $T_{p(\emptyset)}(X)=1$ .
||7? ||p7;X $=||R_{n}$ : $\ell_{p}^{n}(X)arrow f\ell_{f}^{2^{n}}(X)||\leq 2^{n/p’}$
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